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Abstract
The permanent of unitary matrices and their blocks has attracted increasing atten-
tion in quantum physics and quantum computation because of connections with the
Hong-Ou-Mandel effect and the Boson Sampling problem. In that context, it would
be useful to know the distribution of the permanent and other immanants for random
matrices, but that seems a difficult problem. We advance this program by calculating
the average of the squared modulus of a generic immanant for blocks from random
matrices in the unitary group, in the orthogonal group and in the circular orthogonal
ensemble. In the case of the permanent in the unitary group, we also compute the
variance. Our approach is based on Weingarten functions and factorizations of permu-
tations. In the course of our calculations we are led to a conjecture relating dimensions
of irreducible representations of the orthogonal group to the value of zonal polynomials
at the identity.
1 Introduction and Results
With an n × n matrix A we can associate some quantities called immanants, which are
labelled by partitions of n. The most important and most studied of them is by far the de-
terminant. This is because the determinant is invariant under similarity transformations and
can be expressed solely in terms of the eigenvalues (this is not true of the other immanants).
Given the partition γ ` n, the corresponding immanant is given by
Immγ(A) =
∑
pi∈Sn
χγ(pi)
n∏
k=1
Ak,pi(k), (1)
where the sum is over the permutation group Sn of n! elements, and χλ(pi) is the character of
pi in the irreducible representation of Sn labelled by γ. The determinant corresponds to the
partition with all parts equal to 1, which leads to the totally antisymmetric or alternating
representation, for which χ(1n)(pi) equals the sign of the permutation pi.
The second most famous immanant is the permanent, which seems to have been intro-
duced by Cauchy and is sometimes called the unsigned determinant. It corresponds to the
one-part partition γ = (n), associated with the totally symmetric or trivial representation,
for which χ(n)(pi) = 1. Other immanants, introduced by Littlewood and Richardson in the
same paper where they defined their famous rule [1], do not have special names.
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The permanent has attracted some attention recently within the area of quantum physics,
because it is involved in the description of the output state of several bosons scattered
by a linear interferometer [2]. This process may be used to implement a (non-universal)
platform for quantum computation [3] and to solve problems that are intractable using
classical computers. In particular, the calculation of the permanent for a generic matrix
is supposed to be a #P-hard problem [4] (see also recent experimental results in [5] and
the discussion in [6]). Permanents of random matrices have been attacked from different
directions [7, 8, 9, 11].
In the quantum mechanical setting, when the interferometer is modelled by a chaotic
cavity, as in [10], it is natural to replace the scattering matrix by a random unitary ma-
trix, uniformly distributed in the unitary group U(N) with respect to Haar measure. In
the presence of time-reversal symmetry, the matrix is additionally taken to be symmetric,
i.e. uniformly distributed in the symmetric space U(N)/O(N) (also called the Circular
Orthogonal Ensemble, COE), where O(N) is the orthogonal group .
Motivated by this quantum physics context, in this work we address to problem of com-
puting the average value of immanants of blocks inside random matrices in these three
unitary ensembles (for simplicity, we do not discuss symplectic ensembles, but their analysis
follows similar lines). When we write Immγ(U) with γ a partition of n, we understand that
we are computing the immanant of the upper-left n×n block cut out from an N ×N matrix
U . The determinant and permanent of the block are denoted Detn and Pern, respectively.
We may of course consider the whole matrix by taking n = N .
Some particular results have appeared before. Working in the context of the Hong-Ou-
Mandel effect, Urbina et.al. [10] found the average of the squared modulus of the permanent
and of the determinant, for the unitary group and for the COE. However, their COE calcu-
lation is for blocks whose row indices and columns indices are distinct, while ours is for a
diagonal block. Also, Fyodorov [11], computed the average of a product of two permanent
polynomials of the whole matrix, in the unitary group 〈PerN(U −z1)PerN(U †−z2)〉U(N). We
rederive his result by a different method, and generalize it to sub-blocks of size n and to the
orthogonal group.
We now briefly review some definitions related to representation theory in order to state
our results. Detailed discussion of the concepts involved can be found in Section 2.
We need some families of monic polynomials, labelled by integer partitions. They are
[N ]
(α)
λ =
∏
(i,j)∈λ
(N + α(j − 1)− i+ 1), (2)
and
{N}λ =
∏
(i,j)∈λ
(N − 1 + e(i, j)), (3)
where (i, j) refers to a box in the Young diagram representation of λ, and
e(i, j) =
{
λi + λj − i− j + 1, if i ≤ j,
−λ˜i − λ˜j + i+ j − 1, if i > j
(4)
(here λ˜ is the conjugate partition). The first family has a parameter α. When α = 1 they
are given by
[N ]
(1)
λ =
n!
dλ
sλ(1
N), (5)
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where dλ = χλ(1) are dimensions of the irreducible representations of the permutation group
and sλ are Schur functions, irreducible characters of U(N). When α = 2 they are related to
zonal polynomials,
[N ]
(2)
λ = Zλ(1
N). (6)
The other family is also given by
{N}λ = n!
dλ
oλ(1
N), (7)
where oλ are irreducible characters of O(N).
An important role will be played by the function
Gλ,γ =
∑
µ`n
|Cµ|ωλ(µ)χγ(µ), (8)
where Cµ are the conjugacy classes of Sn and ωλ(µ) are zonal spherical functions of the
Gelfand pair (S2n, Hn), the group Hn being the hyperoctahedral. The function Gλ,γ looks
like an inner product between a permutation group character and a zonal spherical function,
and hence looks somewhat unnatural, mixing up quantities that do not belong together.
Nevertheless it appears in our results, in particular in the form of the special case
gλ = Gλ,(n) =
∑
µ`n
|Cµ|ωλ(µ). (9)
We show in Section 2 that the function gλ is different from zero only if λ has at most 2 parts
and
g(λ1,λ2) =
(2λ2)!λ1!
4λ2λ2!
(10)
(the calculation of gλ was communicated to us by Sho Matsumoto).
Our first result is
Proposition 1 Let Immγ(U) denote the γ-immanant of the n−block of the matrix U and
U(N) be the unitary group. Then,
〈|Immγ(U)|2〉U(N) = n!
[N ]
(1)
γ
. (11)
This generalizes the special cases of the permanent,
〈|Pern(U)|2〉U(N) = n!(N−1)!(N+n−1)! , and of
the determinant,
〈|Detn(U)|2〉U(N) = n!(N−n)!N ! . which appeared in [10].
For the unitary group, we also compute the next moment of |Pern(U)|2 in our
Proposition 2 Let Pern(U) denote the permanent of the n−block of the matrix U and let
gλ be given in (9). Then, 〈|Pern(U)|4〉U(N) = (2nn!)2(2n)! ∑
λ`n
d2λ
[N ]
(1)
2λ
g2λ. (12)
We turn to unitary symmetric matrices in our
3
Proposition 3 Let Immγ(V ) denote the γ-immanant of the n−block of the matrix V which
belongs to COE(N), the symmetric space U(N)/O(N). Then,〈|Immγ(V )|2〉COE(N) = 4nn!(2n)! ∑
λ`n
d2λ
[N + 1]
(2)
λ
G2λ,γ. (13)
The expression (13) looks very similar to the expression (12). If we remember that every
element of COE(N) can be written as V = UUT with U ∈ U(N), it will not be surprising
that a quadratic result in COE(N) resembles a quartic result in U(N).
The determinant corresponds to γ = (1n), in which case we have
Gλ,(1n) =
(2n)!
2nn!
δλ,(1n)
d2λ
(14)
and 〈|Detn(V )|2〉COE(N) = (n+ 1)!(N − n+ 1)!(N + 1)! . (15)
When n = N we get of course 1, as is to be expected.
We also consider the orthogonal group, for which we show
Proposition 4 Let Immγ(O) denote the γ-immanant of the n−block of the matrix O which
belongs to O(N), the orthogonal group. Then,〈
Immγ(O)
2
〉
O(N) =
n!
dγ
2nn!
(2n)!
∑
λ`n
d2λ
[N ]
(2)
λ
Gλ,γ. (16)
In the case of the determinant, we have the same result as for the unitary group,
〈Detn(O)2〉O(N) = n!(N−n)!N ! .
In the course of our calculations, we have come to consider the validity of a rather
surprising identity, a relation between [N ]
(2)
λ (associated with zonal polynomials) and {N}γ
(associated with irreducible representations of O(N)). This we formulate as our
Conjecture 1 The following identity holds:∑
λ`n
d2λ
[N ]
(2)
λ
Gλ,γ =
(2n)!
2nn!
dγ
{N}γ . (17)
We have checked this conjecture for all γ ` n with n ≤ 6. It is not clear to us how to
interpret this relation within representation theory (it may be somehow related to the fact
that zonal polynomials are orthogonal functions on the symmetric space U(N)/O(N)).
If Conjecture 1 is true, then it implies〈
Immγ(O)
2
〉
O(N) =
n!
{N}γ , (18)
a result that looks similar to the analogous result for the unitary group, Eq.(11).
Finally, we consider average permanent polynomials, Pern(U − z). The average value of
this quantity is given by (−z)n for every random matrix ensemble considered above. For the
unitary and orthogonal groups, the quadratic version can be computed from the previous
results according to
4
Proposition 5 For G = U(N) or G = O(N),
〈
Pern(U − z1)Pern(U † − z2)
〉
G
=
n∑
m=0
(
n
m
)
(z1z2)
n−m 〈|Perm(U)|2〉G . (19)
For the unitary group, the above expression reduces to
∑n
m=0(z1z2)
n−m n!(N−1)!
(n−m)!(N+m−1)! ,
which generalizes the n = N result of [11].
Results for U(N), COE(N) and O(N) are proved in Sections 3, 4 and 5, respectively.
Conjecture 1 is discussed in Section 5, along with a symplectic analogue. Permanent poly-
nomials are discussed in Section 6. The main ingredients in our calculations are Weingarten
functions and some character theoretic results related to enumerating some factorizations of
permutations. These preliminaries are reviewed in Section 2.
2 Preliminaries
2.1 Permutation groups
A partition is a weakly decreasing sequence of positive integers, λ = (λ1, λ2, . . .). The
number of non-zero parts is its length, `(λ). By λ ` n or |λ| = n we mean ∑`(λ)i=1 λi = n. So
(3, 2, 2, 1) ` 8. We also write jm if part j appears m times, so (3, 22, 1) ≡ (3, 2, 2, 1). The
rank of a partition is defined as r(λ) = |λ| − `(λ).
Let Sn be the group of all permutations acting on the set {1, ..., n}. To a given permuta-
tion pi ∈ Sn we associate its cycle type, the partition of n whose parts are the lengths of the
cycles of pi. Permutation (1 2 · · ·n) has cycle type (n), while the identity permutation has
cycle type (1n). The conjugacy class Cλ contains all permutations with cycle type λ, and its
size is |Cλ| = n!zλ , where
zλ =
∏
j
jvjvj!, (20)
with vj(λ) being the number of times part j appears in λ.
Irreducible representations of Sn are also labelled by partitions of n, and we denote by
χλ(µ) the character of a permutation of cycle type µ in the representation labelled by λ.
The quantity dλ = χλ(1
n), the dimension of the representation, is given by
dλ = n!
`(λ)∏
i=1
1
(λi − i+ `)!
`(λ)∏
j=i+1
(λi − λj + j − i). (21)
Characters satisfy two orthogonality relations,∑
µ`n
χµ(λ)χµ(ω) = zλδλ,ω,
∑
λ`n
1
zλ
χµ(λ)χω(λ) = δµ,ω. (22)
The latter is generalized as a sum over permutations as
1
n!
∑
pi∈Sn
χµ(pi)χω(piσ) =
χω(σ)
dω
δµ,ω. (23)
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Figure 1: The graphs associated with the matchings {{1, 3}, {2, 4}, {5, 8}, {6, 9}, {7, 10}}
(left) and {{1, 4}, {2, 5}, {3, 6}, {7, 10}, {8, 9}} (right), whose coset types are both (3, 2).
The top and bottom rows are the support of the groups S
(o)
5 and S
(e)
5 , respectively. The
matching on the left can be written as σ(t) with σ = (2 3)(6 8 9 7), while the matching on
the right can be written as σ(t) with σ = (2 4 5 3)(8 10 9). The permutarion σ′ = (2 4 6)(8 10)
acts only on even numbers and also produces the matching on the right.
A matching on the set {1, ..., 2n} is a collection of n disjoint subsets with two elements
each (‘blocks’). For example, we call
t := {{1, 2}, {3, 4}, ..., {2n− 1, 2n}} (24)
the trivial matching. We will consider the group S2n acting on matchings as follows: if block
{a, b} belongs to matching m, then block {pi(a), pi(b)} belongs to pi(m).
The matching m can be represented by the unique permutation σ that satisfies he equality
m = σ(t) and the conditions σ(2k − 1) < σ(2k), 1 ≤ k ≤ n, and σ(1) < σ(3) < · · · <
σ(2n− 1). The set of all (2n− 1)!! = (2n)!
2nn!
such permutations we denote by Mn.
The hyperoctahedral group Hn ⊂ S2n, with |Hn| = 2nn! elements, is the centralizer
of t in S2n, i.e. Hn = {h ∈ S2n, h(t) = t}. Elements in the coset S2n/Hn may therefore
be represented by the same matching. Also important is the double coset Hn\S2n/Hn:
permutations pi and σ belong to the same double coset if, and only if, pi = h1σh2 for some
h1, h2 ∈ Hn.
The notion of coset type is important in this context. Given a matching m, let Gm be
a graph with 2n vertices labelled from 1 to 2n, two vertices being connected by an edge if
they belong to the same block in either m or t. Since each vertex belongs to two edges, all
connected components of Gm are cycles of even length. The coset type of m is the partition of
n whose parts are half the number of edges in the connected components of Gm. We denote
by ct(pi) the coset type of pi.
Coset type is clearly invariant under multiplication by hyperoctahedral elements; double
cosets are thus labelled by partitions of n, so that pi and σ belong to the same double coset
if, and only if, they have the same coset type. The double coset associated with the partition
λ is denoted by Kλ an its size is
|Kλ| = 4
nn!|Cλ|
2l(λ)
. (25)
In Figure 1 we show the elements of {1, ..., 2n} arranged in two rows. The top row
contains the odd numbers and the bottom row the even ones. The dashed lines indicate how
they are paired in the trivial matching. The solid lines come from some other matching m
and together both sets of lines make up the graph Gm.
It will be important to consider two copies of Sn inside S2n. The first one acts on odd
numbers in the top row of our diagram, while leaving the bottom row invariant, call it S
(o)
n .
The second one acts on even numbers in the bottom row, while leaving the top row invariant,
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call it S
(e)
n . For pi ∈ Sn we define pio ∈ S(o)n and pie ∈ S(e)n as
pio(2n− 1) = 2pi(n)− 1, pie(2n) = 2pi(n). (26)
It is easy to see that the coset type of pio and pie are equal to the cycle type of pi:
pi ∈ Cλ ⇒ ct(pio) = ct(pie) = λ. (27)
Notice that
pie = ppiop, p = (1 2)(3 4) · · · (2n− 1 2n). (28)
Another important group is composed of n copies of S2, each generated by transpositions
of the kind (2k−1 2k) with 1 ≤ k ≤ n. We denote this commutative group with 2n elements
by S⊗n2 . Notice that every element of the hyperoctahedral group has a unique expression as
h = piepioξ, with ξ ∈ S⊗n2 .
The average
ωλ(τ) =
1
|Hn|
∑
ξ∈Hn
χ2λ(τξ) (29)
is called a zonal spherical function. It is invariant under multiplication by elements of Hn
and hence depends only on the coset type of its argument. The simplest cases are ωλ(1
n) = 1
and ω(n)(τ) = 1. They also satisfy orthogonality relations,∑
λ`n
d2λωλ(α)ωλ(β) =
(2n)!
|Kα| δα,β, (30)
and ∑
α`n
|Kα|ωβ(α)ωλ(α) = (2n)!
d2λ
δλ,β. (31)
2.2 Factorizations
An equation of the kind
pi1 · · · pir = 1, (32)
in the permutation group, is called a factorization of the identity. If we specify the cycle
types of each factor, pii ∈ Cαi then it is a classical result that the number of solutions to the
equation is given by
|Cα1||Cα2| · · · |Cαr |
n!
∑
β`n
χβ(α1)χβ(α2) · · ·χβ(αr)
dr−2β
. (33)
When we take the factors as elements of S2n and control their coset types instead of their
cycle types, pii ∈ Kαi , there is a similar kind of expression for the number of solutions to
equation (32), in which zonal spherical functions take the role previously played by characters
[12]:
Fα1α2···αr =
|Kα1||Kα2| · · · |Kαr |
(2n)!
∑
β`n
d2βωβ(α1) · · ·ωβ(αr). (34)
7
2.3 Unitary and orthogonal characters
The celebrated Schur functions sλ are orthogonal characters of the unitary group U(N),∫
U(N)
sλ(U)sµ(U
†)dU = δλ,µ. (35)
Their value at the identity matrix is the dimension of the corresponding irreducible repre-
sentation,
sλ(1) =
dλ
n!
[N ]
(1)
λ . (36)
Zonal polynomials are produced from averages of Schur functions over the orthogonal
subgroup, ∫
O(N)
s2λ(AU)dU =
Zλ(A
TA)
Zλ(1)
. (37)
Their value at the identity matrix is known to be
Zλ(1) = [N ]
(2)
λ . (38)
The irreducible characters of the orthogonal group are denoted oλ,∫
O(N)
oλ(U)oµ(U
T )dU = δλ,µ. (39)
Their value at the identity matrix is known to be
oλ(1) =
dλ
n!
{N}(1)λ . (40)
2.4 Weingarten functions
Given τ ∈ Sn and two sequences, ~j = (j1, . . . , jn) and ~m = (m1, . . . ,mn), define the
function
δτ [~j, ~m] =
n∏
k=1
δjk,mτ(k) , (41)
which is equal to 1 if, and only if, ~m = τ(~j), i.e. the sequences match up to the permutation
τ .
By using these functions, we have [13, 14]〈
Ua1b1 · · ·UanbnU∗c1d1 · · ·U∗cndn
〉
U(N) =
∑
σ,τ∈Sn
δσ[~a,~c]δτ [~b, ~d]W
N
U (σ
−1τ), (42)
where WNU is the Weingarten function of the unitary group, and it is given by
WNU (σ) =
1
n!
∑
λ`n
dλ
[N ]
(1)
λ
χλ(σ). (43)
On the other hand, given σ ∈Mn and ~i = (i1, i2 . . . , i2n), define the function
∆σ[~i] =
n∏
k=1
δiσ(2k−1),iσ(2k) , (44)
8
which is equal to 1 if, and only if, the elements of the sequence~i are pairwise equal according
to the matching σ(t).
For the orthogonal group we have [14, 15]
〈Ua1b1 · · ·Ua2nb2n〉O(N) =
∑
σ,τ∈Mn
∆σ[~a]∆τ [~b]W
N
O (σ
−1τ), (45)
where WNO is the Weingarten function of the orthogonal group, given by
WNO (σ) =
2nn!
(2n)!
∑
λ`n
d2λ
[N ]
(2)
λ
ωλ(σ). (46)
Moreover, for the circular orthogonal ensemble, we have [16, 17]〈
Ua1a2 · · ·Ua2n−1a2nU∗b1b2 · · ·U∗b2n−1b2n
〉
COE(N)
=
∑
σ∈S2n
δσ[~a,~b]W
N+1
O (σ). (47)
For future reference, let us also define an interleaving operation on sequences:
~i ~j = (i1, j1, i2, j2, . . . , in, jn), (48)
so that, for example,
(1, 2, . . . , 2n− 1, 2n) = (1, 3, . . . , 2n− 1)  (2, 4, . . . , 2n). (49)
2.5 The function gλ
The function gλ = Gλ,(n) is defined as
gλ =
∑
µ`n
|Cµ|ωλ(µ). (50)
When λ has a single part, it follows from ω(n)(α) = 1 that g(n) = n!.
In general, its value can be found explicitly if we recall the relation between zonal poly-
nomials and power sum symmetric functions [18],
Zλ(x) = 2
n
∑
µ`n
|Cµ|ωλ(µ) 1
2`(µ)
pµ(x). (51)
Taking x = (1, 1) we have pµ(x) = 2
`(µ) and Zλ(1, 1) = 2
ngλ. On the other hand, from (2)
we have
Zλ(1, 1) =
∏
(i,j)∈λ
(2j − i+ 1). (52)
If λ has more than two parts, the above product vanishes. If λ = (λ1, λ2), then we get
g(λ1,λ2) =
(2λ2)!λ1!
4λ2λ2!
. (53)
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3 Unitary group
3.1 Proof of Proposition 1
For simplicity, in this Section we define
IUγ (N) =
〈|Immγ(U)|2〉U(N) . (54)
We begin by expanding,
IUγ =
〈∣∣∣∣∣∑
pi∈Sn
n∏
i=1
χγ(pi)Uipi(i)
∣∣∣∣∣
2〉
U(N)
(55)
=
∑
pi1,pi2∈Sn
χγ(pi1)χγ(pi2)
〈
n∏
i=1
Uipi1(i)U
∗
ipi2(i)
〉
U(N)
(56)
(57)
In terms of the Weingarten function of the unitary group,〈
Ua1b1 ...UanbnU
∗
c1d1
...U∗cndn
〉
U(N) =
∑
σ,τ∈Sn
δσ[~a,~c]δτ [~b, ~d]W
N
U (σ
−1τ), (58)
we have
IUγ (N) =
∑
pi1,pi2∈Sn
σ,τ∈Sn
χγ(pi1)χγ(pi2)δσ[~n, ~n]δτ [pi1(~n), pi2(~n)]W
N
U (σ
−1τ) (59)
=
∑
pi1,pi2∈Sn
σ,τ∈Sn
χγ(pi1)χγ(pi2)δσ[~n, ~n]δpi2τpi−11 [~n, ~n]W
N
U (σ
−1τ) (60)
The quantities δσ(~n, ~n) and δpi2τpi−11 (~n, ~n) are different from zero only if σ and pi2τpi
−1
1 are
both the identity. Therefore,
IUγ (N) =
∑
pi1,pi2∈Sn
χγ(pi1)χγ(pi2)W
N
U (pi
−1
2 pi1). (61)
Using the character expansion of the Weingarten function and the orthogonality relation
in Eq.(23) for the characters, we have
IUγ (N) =
1
n!
∑
λ`n
dλ
[N ]
(1)
λ
∑
pi2∈Sn
χγ(pi2)
(∑
pi1∈Sn
χγ(pi1)χλ(pi1pi
−1
2 )
)
(62)
=
1
n!
∑
λ`n
dλ
[N ]
(1)
λ
n!δλ,γ
dγ
(∑
pi2∈Sn
χγ(pi2)χγ(pi2))
)
(63)
=
n!
[N ]
(1)
γ
. (64)
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3.2 Proof of Proposition 2
If we restrict attention to the simplest immanant, the permanent, we are able to compute
a higher moment. Let Pern(U) denote the permanent of the n × n upper left block of the
N ×N unitary matrix U . For simplicity of notation, let
Pn(N) =
〈|Pern(U)|4〉U(N) . (65)
Then,
Pn(N) =
∑
a,b,c,d∈Sn
〈
n∏
i=1
Ua(i)iUb(i)iU
∗
ic(i)U
∗
id(i)
〉
U(N)
. (66)
In terms of the Weingarten function,
Pn(N) =
∑
a,b,c,d∈Sn
∑
σ,τ∈S2n
δσ[a(~n)  b(~n), ~n  ~n]δτ [~n  ~n, c(~n)  d(~n)]WNU (σ−1τ), (67)
We can lift the action of a, b, c, d to S2n in terms of the subgroups S
(o)
n and S
(e)
n according
to
Pn(N) =
∑
a,b,c,d∈Sn
∑
σ,τ∈S2n
δσ[aobe(~n  ~n), ~n  ~n]δτ [~n  ~n, code(~n  ~n)]WNU (σ−1τ) (68)
=
∑
a,b,c,d∈Sn
∑
σ,τ∈S2n
δb−1e a−1o σ[~n  ~n, ~n  ~n]δτcode [~n  ~n, ~n  ~n]WNU (σ−1τ). (69)
The quantity δb−1e a−1o σ[~n~n, ~n~n] is different from zero only if the product b−1e a−1o σ belongs
to the group S⊗n2 , as discussed in Section 2. Likewise for δτcode [~n  ~n, ~n  ~n]. Writing
b−1e a
−1
o σ = σ
−1
1 ∈ S⊗n2 , τcode = σ2 ∈ S⊗n2 , (70)
we get
Pn(N) =
∑
a,b,c,d∈Sn
∑
σ1,σ2∈S⊗n2
WNU (σ1b
−1
e a
−1
o σ2d
−1
e c
−1
o ) (71)
=
∑
a,b,c,d∈Sn
∑
σ1,σ2∈S⊗n2
WNU (σ1beaoσ2deco), (72)
where we just replaced some permutations by their inverses.
There always exists some ρ ∈ Sn such that ao = boρo. Likewise we can write co = doθo
for some θ ∈ Sn. This leads to
Pn(N) =
∑
ρ,b,θ,d∈Sn
∑
σ1,σ2∈S⊗n2
WNU (σ1beboρoσ2dedoθo). (73)
As discussed in Section 2, σ1bebo = h1 and σ2dedo = h2 belong to the hyperoctahedral
group, Hn. Then,
Pn(N) =
∑
ρ,θ∈Sn
∑
h1,h2∈Hn
WNU (h1ρoh2θo) (74)
=
1
(2n)!
∑
ρ,θ∈Sn
∑
h1,h2∈Hn
∑
µ`2n
dµ
χµ(h1ρoh2θo)
[N ]
(1)
µ
, (75)
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where we have used the explicit form of the unitary Weingarten function as defined in Eq.(43).
We know that
∑
h1∈Hn χµ(h1ρoh2θo) is different from zero only if µ = 2λ with λ ` n, in
which case it is proportional to the zonal spherical function, by definition. Therefore,
Pn(N) =
2nn!
(2n)!
∑
ρ,θ∈Sn
∑
h2∈Hn
∑
λ`n
d2λ
ωλ(ρoh2θo)
[N ]
(1)
2λ
. (76)
The function ωλ depends only on the coset type of η = ρoh2θo. Keeping in mind that the
coset type of ρo equals the cycle type of ρ, as in Eq.(27), and the same holds for θo and θ, we
thus ask: how many triples (ρo, θo, h2) are there with ρ ∈ Cα1 , θ ∈ Cα2 , and h2 ∈ Hn = K(1n),
such that their product has a given coset type, say α3? This is the same as asking for the
number of factorizations of the identity η−1ρoh2θo = 1. The answer to this question is
|Cα1||Cα2||Kα3||K1n|
∑
β`n
d2β
(2n)!
ωβ(α1)ωβ(α2)ωβ(α3)ωβ(1
n). (77)
Using that |K1n| = 2nn! and ωβ(1n) = 1, we arrive at
Pn(N) =
(
2nn!
(2n)!
)2 ∑
α1,α2,β,λ`n
|Cα1||Cα2|
d2βd2λ
[N ]
(1)
2λ
ωβ(α1)ωβ(α2)
(∑
α3`n
|Kα3|ωβ(α3)ωλ(α3)
)
.
(78)
Using the orthogonality relation (31), we get
Pn(N) =
(2nn!)2
(2n)!
∑
α1,α2,λ`n
|Cα1||Cα2|
d2λ
[N ]
(1)
2λ
ωλ(α1)ωλ(α2). (79)
At this point we use
gλ =
∑
α`n
|Cα|ωλ(α) (80)
to finally obtain
Pn(N) =
(2nn!)2
(2n)!
∑
λ`n
d2λ
[N ]
(1)
2λ
g2λ. (81)
For example,
P1(N) =
2
N(N + 1)
(82)
P2(N) =
4(3N2 −N + 2)
N2(N − 1)(N + 1)(N + 2)(N + 3) (83)
P3(N) =
144(N2 +N + 4)
N2(N − 1)(N + 1)(N + 2)(N + 3)(N + 4)(N + 5) (84)
P4(N) =
576(5N4 + 30N3 + 127N2 + 294N + 264)
N2(N − 1)(N + 1)2(N + 2)2(N + 3)(N + 4)(N + 5)(N + 6)(N + 7) (85)
For N  1 we can use that [N ](1)2λ ∼ N2n and the orthogonality relation for zonal spherical
functions (30), to get
Pn(N) ∼ n!
N2n
∑
α
|Cα|2`(α) = n!(n+ 1)!
N2n
. (86)
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The last equation is obtained by setting x = 2 in the permutation group cycle index poly-
nomial, ∑
pi∈Sn
x`(pi) = x(x+ 1) · · · (x+ n− 1). (87)
4 Circular orthogonal ensemble
For simplicity, in this Section we define
ICγ (N) =
〈|Immγ(U)|2〉COE(N) . (88)
We begin by expanding,
ICγ (N) =
∑
a,b∈Sn
χγ(a)χγ(b)
〈
n∏
i=1
Ua(i)iU
∗
ib(i)
〉
COE(N)
. (89)
In terms of Weingarten functions of the circular orthogonal ensemble,〈
Ui1i2 ...Ui2n−1i2nU
∗
j1j2
...U∗j2n−1j2n
〉
COE(N)
=
∑
τ∈S2n
δτ [~i,~j]W
N+1
O (τ). (90)
This leads to
ICγ (N) =
∑
a,b∈Sn
χγ(a)χγ(b)
∑
τ∈S2n
δτ [a(~n)  ~n, ~n  b(~n)]WN+1O (τ). (91)
Again we may lift the action of a, b to S2n in terms of the subgroups S
(o)
n and S
(e)
n . Then
the delta function above becomes δτ [ao(~n~n), be(~n~n)] = δa−1o τbe [~n~n, ~n~n]. This is different
from zero only if a−1o τbe = σ belongs to the group S
⊗n
2 , discussed in Section 2. This leads to
ICγ (N) =
∑
a,b∈Sn
∑
σ∈S⊗n2
χγ(a)χγ(b)W
N+1
O (aoσb
−1
e ). (92)
The Weingarten function depends only on the coset type of aoσb
−1
e . So, remembering
that the coset type of ao equals the cycle type of a, and the same holds for be and b, it is
necessary to count the number of triples (ao, be, σ) such that a ∈ Cα1 , b ∈ Cα2 , σ ∈ S⊗n2 and
aoσb
−1
e ∈ Kα3 . This is given by
|Cα1||Cα2 ||Kα3 ||S⊗n2 |
∑
β`n
d2β
(2n)!
ωβ(α1)ωβ(α2)ωβ(α3)ωβ(1
n). (93)
Using again orthogonality relation of zonal spherical functions, this leads to
ICγ (N) =
4nn!
(2n)!
∑
λ`n
d2λ
[N + 1]
(2)
λ
G2λ,γ, (94)
where
Gλ,γ =
∑
α`n
|Cα|ωλ(α)χγ(α) (95)
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is a generalization of Eq.(50) such that gλ = Gλ,(n).
The simplest examples are
IC(1)(N) =
2
N + 1
(96)
IC(2)(N) =
2(3N + 1)
N(N + 1)(N + 3)
(97)
IC(3)(N) =
24
N(N + 3)(N + 5)
(98)
IC(4)(N) =
24(5N2 + 20N + 23)
N(N + 1)(N + 2)(N + 3)(N + 5)(N + 7)
. (99)
Following essentially the same calculation done at the end of Section 3.2, one can show
that
IC(n)(N) ∼
(n+ 1)!
Nn
+O
(
1
Nn+1
)
. (100)
5 Orthogonal group
It is obvious that odd moments vanish for any immanant,
〈
(Immγ(U))
2n+1〉
O(N) = 0, so
the simplest non-trivial moment is the second. For simplicity, in this Section we define
IOγ (N) =
〈
(Immγ(U))
2〉
O(N) . (101)
We start by expanding
IOγ (N) =
∑
a,b∈Sn
χγ(a)χγ(b)
〈
n∏
i=1
Ui,a(i)Ui,b(i)
〉
O(N)
, (102)
or
IOγ (N) =
∑
a,b∈Sn
χγ(a)χγ(b)
〈
n∏
i=1
Ua(i),iUa(i),ba(i)
〉
O(N)
(103)
Using Weingarten functions of the orthogonal group,
〈Ui1j1 ...Ui2nj2n〉O(N) =
∑
σ,τ∈Mn
∆σ[~i]∆τ [~j]W
N
O (σ
−1τ), (104)
will lead to two ∆ functions that are
∆σ[a(~n)  a(~n)] (105)
and
∆τ [~n  ba(~n)]. (106)
The first one requires that σ be the trivial matching. Defining pi = ba, we have
IOγ (N) =
∑
b,pi∈Sn
∑
τ∈Mn
χγ(b
−1pi)χγ(b)∆τ [~n  pi(~n)]WNO (τ). (107)
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The sum over b can be computed using (23) to give
IOγ (N) =
n!
dγ
∑
pi∈Sn
∑
τ∈Mn
χγ(pi)∆τ [~n  pi(~n)]WNO (τ). (108)
Now, we may introduce pie and write
IOγ (N) =
n!
dγ
∑
pi∈Sn
∑
τ∈Mn
χγ(pi)∆pieτ [~n  ~n]WNO (τ) (109)
As before, the condition ∆pieτ [~n~n] implies that pieτ must be the trivial matching. For each pi
there is only one τ that satisfies this condition, and it has the same coset type as pie. Hence,
IOγ (N) =
n!
dγ
∑
pi∈Sn
χγ(pi)W
N
O (pie) =
n!
dγ
∑
µ`n
χγ(µ)|Cµ|WNO (µ). (110)
From the explicit form of the Weingarten function, we get
IOγ (N) =
n!
dγ
∑
µ`n
|Cµ|χγ(µ) 2
nn!
(2n)!
∑
λ`n
d2λ
[N ]
(2)
λ
ωλ(µ) (111)
=
n!
dγ
2nn!
(2n)!
∑
λ`n
d2λ
[N ]
(2)
λ
(∑
µ`n
|Cµ|χγ(µ)ωλ(µ)
)
(112)
=
n!
dγ
2nn!
(2n)!
∑
λ`n
d2λ
[N ]
(2)
λ
Gλ,γ. (113)
Simplest examples for the permanent are
IO(1)(N) =
1
N
(114)
IO(2)(N) =
2
(N − 1) (N + 2) (115)
IO(3)(N) =
6
N (N − 1) (N + 4) (116)
IO(4)(N) =
24
N (N − 1) (N + 1) (N + 6) (117)
(118)
Using that
∑
λ`n d2λωλ(α) =
(2n)!
2nn!
δα,1n we have
IOγ (N) ∼
n!
Nn
+O
(
1
Nn+1
)
. (119)
Extensive simulations have convinced us that the following identity is true:∑
λ`n
d2λ
Zλ(1N)
Gλ,γ =
(2n)!
2nn!
dγ
{N}γ , (120)
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where Zλ(1
N) = [N ]
(2)
λ are zonal polynomials. We put this result forth as a conjecture. If
indeed true, it implies that
IOγ (N) =
n!
{N}γ . (121)
Although we do not discuss symplectic ensembles in this work, we have a similar conjec-
ture in that case. Let
G′λ,γ =
∑
µ`n
|Cµ|ψλ(µ)χγ(µ), (122)
where ψλ(µ) are twisted spherical functions of the Gelfand pair (S2n, Hn) (see [17]), denote by
〈N〉γ = n!dγ spλ(1N) some polynomials in N that are proportional to dimensions of irreducible
representations of Sp(2N) and let Z ′λ(1
N) = 2n[N ]
(1/2)
λ be symplectic zonal polynomials.
Then the conjecture reads ∑
λ`n
dλ∪λ
Z ′λ(1N)
G′λ,γ =
(2n)!
2nn!
dγ
〈N〉γ . (123)
6 Permanent polynomials
From the definition
Pern(X) =
∑
pi∈Sn
n∏
i=1
Xi,pi(i) (124)
it is easy to see that Pern(U − z) can be written as
Pern(U − z) =
∑
P⊂{1,...,n}
∑
pi∈SP
∏
i∈P
Ui,pi(i)(−z)n−|P |, (125)
where P is summed over all subsets of {1, . . . , n}, the group SP contains all bijections of P
into itself and |P | is the cardinality of P .
Using this we have
〈Pern(U − z1)Pern(U † − z2)〉G =
∑
P1,P2⊂{1,...,n}
(−z1)n−|P1|(−z2)n−|P2|
∑
pi1∈SP1
pi2∈SP2
EG(pi1, pi2) (126)
where
EG(pi1, pi2) =
〈∏
i∈P1
∏
j∈P2
Ui,pi1(i)U
∗
j,pi2(j)
〉
G
. (127)
Taking into account that the lists ~i and ~j do not any repeated indices, we see that for
both the unitary and orthogonal groups the above average is different from zero only if
P1 = P2 = P . In that case we have∑
pi∈SP
∏
i∈P
Ui,pi(i) = PerP (U), (128)
the permanent of the block from U containing the indices in P . But the average value does
not depend on the particular indices, so 〈|PerP (U)|2〉G = 〈|Perm(U)|2〉G if |P | = m. Since
there are
(
n
m
)
subsets of size m, this finishes the proof for all cases.
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